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Introduction
Carbon Fibre Reinforce Polymer (CFRP) composites have been commonly used in aerospace, shipbuilding and automobile engineering for several decades. Recently, the application of CFRP is increased in the constructional industry [1] [2] and manufacture of sports instruments [3] , etc. It is still challenging to fully understand the complex damage mechanism of fibre composites. With the extensive application of CFRP, the investigation of damage mechanisms of CFRP structures has been a major concern for the further development of CFRP in engineering structures. Currently there is a lack of reliable numerical approaches which provide engineers and researchers with efficient prediction for damage and failure when designing fibre composite structures.
The Cohesive Damage Model (CDM), also known as Cohesive Zone Model (CZM), based on a Dudgale-Barenblatt cohesive zone approach [4, 5] , is conducted for simulating crack propagation in the past two decades [6, 7] . The CDM can be used to describe the fracture behaviour of fibre composites including delamination and matrix cracking [8, 9] . However, the CDM approach has shortcomings because embedding corresponding interface elements is required in the zones where delamination is supposed to happen; it is difficult for the CDM to describe arbitrary matrix cracks in composites [6] . Moreover, the interface element with the CDM is insufficient in investigating some critical damage mechanisms, such as fibre fracture and kinking.
In the past decades, based on the partition of unity method (PUM), a rapid development has been made to characterize the arbitrary crack problem within continuum solids [10] [11] [12] [13] [14] . In the PUM based approaches, the eXtended Finite Element Method (XFEM), as a combination of the classical Finite Element Method (FEM) and the PUM, originally introduced by Belytschko et al. [10] and subsequently enhanced by Moës et al. [15] , is currently one of the most popular numerical approach utilized for the modelling of discontinuities in solids. By enriching the classical piecewise polynomial approximation basis within the finite element framework, the XFEM can thoroughly capture the discontinuities independently, including jumps, kinks, singularities, inhomogeneity, etc. [16] .
Currently, one of the major challenges with regarding to damage prediction for heterogeneous materials, such as fibre composites, is that the most existing damage modelling approaches are incapable of presenting the complex failure mechanisms, such as multiple layered delamination and delamination migration. There are very few publications that have investigated this formidable problem [20] [21] [22] . To enable engineers and researchers to model the multicrack propagations in fibre composites, Chen has previously investigated the basic concept of combining the XFEM with the CDM without using a specified enriched item to cope with the singularity problem at the crack-tip [23] but additional enriched DoFs are employed to approximate existing cracks. The work presented in this paper is concerned with the development of the Extended Cohesive Damage Model (ECDM) based on the XFEM to simulate multicrack propagation without additional enriched DoFs required by the XFEM to improve computing efficiency through solving condensed equilibrium equations of the ECDM; and pre-prepared crack path required by the CDM is no longer required by the ECDM.
The ECDM permits nodal displacement calculation of the cracked element in terms of standard degree of freedoms (DoFs) in FEM. The CDM is embedded into the ECDM to determine the damage initiation. The damage propagation is calculated by a new equivalent damage scale with respect to a strain field. The proposed ECDM with vigorous mathematic procedure fully covered the damage evolution from a weak discontinuity to a strong discontinuity. Different initial damage criterions and a linear softening damage law are introduced to address the characterization of multiple failure mechanisms in composites. Modelling of three fracture test benchmarks, involving double-cantilever-beam (DCB) for Mode I, end-notch-flexure (ENF) for Mode II and fixed ratio mixed mode (FRMM) for mixed-mode case are carried out to verify the proposed ECDM. As an example of modelling multi-layered delamination, delamination migration together with matrix cracking in a laminated composite specimen is simulated by the ECDM. This investigation proved the capability of the ECDM in prediction of multiple crack propagation in fibre composites.
The weak form of equilibrium equation
In fracture analysis, typical examples for strong and weak discontinuities are, respectively, cracks and interfacial difference between different domains or materials.
The CDM, a traction-separation law is normally used to account for the singularity problem at the crack tip along the crack propagation path in which the cohesive segment is embedded. Consider a 2D domain Ω with an outward normal vector n shown in Fig. 1 
Where σ σ σ σ is the Cauchy stress vector within the solid domain Ω. The boundary conditions for the domain Ω are:
Because of the presence of cohesive segment, the boundary conditions imposed on the discontinuous boundary Γ 
According to the traction-separation law, the traction known as cohesive force is a function of the relative displacement given by Equ. 4.
( ) δ = t t (4) Where δ is the relative displacement between two boundaries of the cohesive crack Γ d .
Equ. 4 serves as a nonlinear material model when discontinuity occurs. [ ]
In this weak form, ω and u are respectively test displacement space and admissible displacement space in which we are seeking the solution.
Discrete form of equilibrium equation
The displacement field with "shifted" enrichment and without crack-tip enrichments is given by Equ. 6.
Where i
x is the position coordinate for the i th node. N i is the conventional FEM shape functions associated with node i. u i and a i are the nodal variables associated with standard degree freedoms and enriched degree freedoms respectively at node i and node j. The Heaviside step function d Γ Η shown in Equ. 7 can characterize the physical jump when material completely separates (strong discontinuities).
Where Ω + is the one side domain from the discontinuity Γ d , the Ω -is another side domain. Using the Bubnov-Galerkin method, the trial functions and test function are chosen the same linear combination of interpolation functions as shown in Equ. 8.
The discrete form of equilibrium equation for static analysis can be written as Equ. 8.
Where Assuming the crack shown in Fig. 1 is a cohesive crack, the discontinuous boundary is a cohesive crack boundary, i.e. 
Where t is the external nodal force vector as shown in Fig. 1 . The internal nodal force vector due to cohesive force t on the crack surface crack coh Γ can be expressed as:
When damage increases, the cohesive traction decreases through a linear softening damage law shown in Fig. 2 . Thus the traction t can be expressed as a function of a damage scale d, i.e., t = t 0 *(1-d) where t 0 is the cohesive traction when crack
propagates. It should be noted that there is not a physical relative displacement jump δ ∆ before a crack formed. 
Elimination of the enriched degree freedoms
With the purpose of reaching a fully condensed equilibrium system, we eliminate the additional enrichment term a, thus the equilibrium equation with the standard FEM unknown quantities can be consequently obtained as shown in Equ. 11. 
It should be noticed that the sub-matrix K aa is not necessarily invertible. In consideration of this feature, here the generalized inversed matrix (Moore-Penrose pseudoinverse) [17] is applied to complete the inversed matrix calculation in Equ. 11.
In order to simplify the problem, we suppose there is no distributed external load applied on the cracked element, then the evolved equilibrium equations with standard FEM degree freedoms can be simplified as shown in Equ. 12.
( ) 
In the proposed ECDM, an equivalent damage scale is used to avoid the appearance of the enriched DoFs related displacement gap ∆δ. The strain energy released as shown in Fig. 2 due to the fracture should be equal to the released work done by cohesive traction. Therefore, the damage scale d for cohesive behaviour along the crack can be expressed as below.
Where G c is fracture energy; l crack is the length of a crack cutting the element, within which, the damage status is considered to be coincident. When d=1 the cohesive traction vanishes, and the cohesive crack evolves to a strong discontinuity (element separated). In Equ. 13, t 0 and ε 0 are, respectively, the initial traction or cohesive strength and the initial damage strain. As the softening constitutive law shown in Fig.   2 is used for reducing the cohesive traction, i.e.
, we can achieve an explicit expression of the equivalent damage scale as shown below.
Combining Equs. 
In Equ. 15, the following two symbols are donated. 
Where the operator ℜ for simplifying the final condensed equation is chosen as ( ) 
which satisfies 1 ℜ = u . It should be noticed that the Equ. 15 contains standard polynomial shape functions and conventional DoFs only, however, the left side of Equ. 15 is an actually equivalent stiffness matrix including the effects from enrichment and cohesive force.
Implementation and numerical Integration
The ECDM is programmed firstly as a user element through UEL in ABAQUS.
Simulation of multicrack propagation such as delamination, matrix cracking and fibre breakage are considered in this investigation. Different damage criteria are used in the ECDM based FE analysis for judging different failure modes in the investigated composite samples. When simulating delamination and matrix cracking, a stress based criteria and an equivalent damage scale based criteria are used for judging the damage initiation and crack propagation respectively. A maximum principal stress based criteria is used to characterize the fibre's rupture, which means when the maximum principal stress σ max at Gauss points of relevant elements is beyond the fibre strength S fibre , the fibre breakage occurs. The damage scale d given in Equ. 13 is used to account for delamination propagation.
Meanwhile, the average maximum principal stress taken from four Gauss points of the elements at upper layer (90º ply) and lower layer (0º ply) are used in the 15. In order to improve the convergence in damage propagation regime, the viscous regularization scheme [18] is employed which can significantly speed up the simulation process.
Validation of the ECDM

Benchmark specimens
In this section, three benchmark specimens regarding single mode and mixed mode delamination are investigated to verify the performance of the developed ECDM. The loading and boundary conditions and geometric dimensions of specimens are illustrated in Fig. 4 . The fracture modes studied are mode I via Double Cantilever
Beam (DCB) test (Fig. 4a) , mode II via End Notched Flexure (ENF) test (Fig. 4b) and Mixed-mode via Fixed Ratio Mixed Mode (FRMM) test (Fig. 4c) . The elastic material properties for each lamina and fracture properties are given in Table 1 together with detailed geometric dimensions of specimen in which w denotes the out-of-plane width of specimen. 
Results of benchmark modelling
DCB.
The mode I delamination propagation is shown in 
ENF.
The corresponding experimental work of ENF is given by Paul et.al [19] . Fig. 7 shows the ECDM simulated mode II delamination together with the corresponding maximum principal strain filed. Fig. 8 shows the ECDM predicted load-deflection curve together with the analytical and experimental solution. It can be seen from 
FRMM. The final benchmark example is an FRMM test in which a displacement
loading is applied at the one end of upper cantilever beam with an initial delamination. Fig. 9 shows the ECDM simulated mixed-mode delamination propagation and corresponding strain contours. The predicted load-displacement curve is shown in Fig. 10 
Modelling of delamination migration
Most previous modelling investigations on delamination propagation focused on the delamination at a single interlaminar interface. Actually, the damage in composite laminates often involves multiple layered delaminations, which normally grow and migrate into different interlaminar interfaces. The publications [20] [21] [22] [23] highlighted the great concern of constructing a powerful numerical model with the capability of modelling multiple failure mechanisms including delamination migration, matrix cracking and fibre breakage. The proposed ECDM with arbitrary crack characterization and avoidance of pre-prepared crack path in FE mesh is believed to be suitable for modelling multicrack behaviour in composites. Herein, a typical delamination migration problem together with a matrix crack in a laminated composite specimen is investigated using the ECDM to validate the capability of the ECDM in predicting the multiple layered delamination together with matrix cracking. Fig.   11 is mm, the width of specimen is 12.7 mm.
Following up experimental work, a pre-existing delamination with the length of 51mm at the 0/90 interlaminar interface is embedded in the FE mesh. A vertical displacement is applied at the existing crack tip to initiate delamination onset and propagation, and to lead the matrix cracking through the 90-degree ply followed by a migration of the delamination to a neighbouring 90/0 interlaminar interface. Fig. 12 shows the ECDM simulated a final failure stage with delamination growth, matrix crack and delamination migration. The global failure response of the investigated specimen is shown in Fig.13 , from which it can be seen that the entire failure response obtained from the modelling is 100N and 125N , the response is a short flat stage then followed by the third response drop which is relatively smooth and downward. The third drop related response is actually another delamination as a stable crack propagation at the 90/0 interlaminar interface, which is finally followed by the residual stiffness of the specimen. This multicrack propagation actually presented the delamination migration through a matrix crack in the investigated specimen. Prior to and after delamination migration it is recognized the fracture is mixed mode-I/II crack due to the asymmetrical load condition and specimen configuration. Inspection of the kinked surface in 90-degree ply of tested specimen [22] revealed the mode-I fracture, which proved the modelling prediction of the opening dominated matrix crack. It should be noticed that the transition of the kinked crack from 0/90 interface into the 90/0 interface is sudden which is reflected by a short gap between the second and third drop in the failure response shown in Fig.   13 . This is possibly because a considerable amount of strain energy is attained within 90-degree ply prior to the delamination migration. This investigation confirmed that the capability of the ECDM in capturing the entire delamination migration path including both interlaminar fracture and intralaminar crack propagation in the investigated laminated composite specimen. This developed novel ECDM is implemented using the user subroutine UEL in the commercial finite element package ABAQUS. This proposed ECDM has been verified by three fracture benchmark specimens and a laminated composite sample.
By the benchmark examples, it indicated that the ECDM is capable to simulate single mode delamination as well as the mixed mode delamination with sufficient accuracy.
The laminated composite sample with delamination migration together with matrix cracking validated the capability of the ECDM in predicting multicrack failure including multiple layered delamination and matrix cracking without using pre-prepared crack paths. This developed ECDM provides a new modelling approach for engineers and researchers to investigate detailed multicrack failure mechanism in fibre composites. The future work will include three dimensional modelling simulation of multicrack propagation using the ECDM, and applying the ECDM in multiscale modelling to investigate the micro and macro damage failure mechanism in fibre composites.
Appendix: The corrected beam theory for DCB, ENF and FRMM
In the corrected beam theory, the beam is assumed to be linear elastic. The foundation of the method is based on Irwin-Kies equation in the framework of linear elastic fracture mechanics. In a linear structure system, the fracture energy is given by [24] :
Where C is the compliance of the beam expressed as C=∆/F, a is the crack length and Where I is the second moment of the area of the double cantilever beam, E 11 is the Yong's modules in length direction, h is the half thickness of the double cantilever beam, h χ is the term of correcting crack length in order to correct the displacement for shear deformation and local deformation that occurs around the crack tip.
Substituting the corrected displacement expression into the basic fracture energy formula (a-1) results a concise expression of mode I fracture energy as: 
A.2 Mode II ENF
The basically same formula given in (a-1) can be applied for the ENF (see Fig. 4b ), in which the displacement and mode II strain energy release rate before crack propagation can be calculated as [25] : 
(a-13)
